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ds2 = −dt2 + t

4

λ2 dx2 + dy2 + dz2( )

Anisotropic	
  Scaling	
  in	
  Cosmology	


  
S = d 4x −g∫

1
2

R −
1
2

∂µφ( )2
− eλϕ −

1
4

e2ρφ Fµν F µν⎡

⎣
⎢

⎤

⎦
⎥

power-­‐law	
  isotropic	
  	
  infla.on	


φ = −
2
λ
log t Aµ = 0

  
ds2 = −dt2 + t2ω t−4ζ dx2 + t2ζ dy2 + dz2( )⎡

⎣
⎤
⎦
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  ,	
  we	
  found	
  the	
  following	
  new	
  solu.on	


φ = −
2
λ
log t  

Ax (t) = t
γ

γ = 4 ρ
λ
−ω − 4ζ

Watanabe,	
  Kanno,	
  Soda,	
  PRL,	
  2009	


power-­‐law	
  anisotropic	
  infla.on	




Spontaneous	
  Rota.onal	
  Symmetry	
  breakdown	
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Isotropic	
  infla=on	


Anisotropic	
  infla=on	


AOer	
  	
  a	
  transient	
  isotropic	
  infla.onary	
  phase,	
  	
  
the	
  universe	
  enter	
  into	
  an	
  anisotropic	
  infla.onary	
  phase.	


Kanno,	
  Watanabe,	
  Soda,	
  JCAP,	
  2010	


Quantum	
  fluctua.ons	
  generate	
  seeds	
  of	
  coherent	
  vector	
  fields.	


anisotropy	


scalar	


vector	


our	
  universe	


H −1
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Introduc.on	


If	
  the	
  vacuum	
  transi.on	
  process	
  is	
  Lorentz	
  invariant,	


Ques.on:	
  	
  In	
  which	
  frame	
  does	
  observer	
  look	
  at	
  this	
  par.cular	
  picture?	


In	
  the	
  picture	
  of	
  string	
  theory	
  landscape,	
  there	
  are	
  many	
  vacuum	
  transi.ons.	


This	
  is	
  an	
  academic	
  issue!	


In	
  this	
  picture,	
  the	
  whole	
  bubble	
  has	
  nucleated	
  
at	
  the	
  same	
  .me.	


a	
  different	
  observer	
  should	
  look	
  at	
  a	
  different	
  one	
  
that	
  would	
  be	
  weird.	


In	
  this	
  talk,	
  I	
  would	
  like	
  to	
  discuss	
  this	
  issue	
  with	
  a	
  2-­‐d	
  toy	
  model.	


Tµν = −ΛηµνNote	
  that	
  the	
  vacuum	
  energy	
 is	
  Lorentz	
  invariant	


If	
  this	
  is	
  a	
  meta	
  stable	
  state,	
  a	
  vacuum	
  transi.on	
  occurs	
  and	
  a	
  bubble	
  would	
  nucleate.	


Λ



Schwinger	
  pair	
  produc.on:	
  A	
  toy	
  model	


φφ*

 eE × L  2m

E

rc =
m
eE

Pair	
  crea.on	
  occurs	
  when	
  enough	
  energy	
  is	
  provided	
  
by	
  the	
  constant	
  electric	
  field	


φ* φ

E

rc
x

t

Let	
  us	
  consider	
  a	
  constant	
  background	
  electric	
  field.	


The	
  pair	
  is	
  separated	
  at	
  a	
  finite	
  distance.	


r2 − t 2 = rc
2

φφ*

Vacuum	
  polariza.on	




Schwinger	
  pair	
  produc.on	
  rate	


φ* φ

rc

P ≈ exp − SE instanton[ ]− S background[ ]{ }( )

SE instanton[ ]− S background[ ] = 2πmrc − eE × πrc
2

= πmrc =
πm2

eE

Of	
  course,	
  this	
  calcula.on	
  does	
  not	
  tell	
  us	
  anything	
  about	
  the	
  nuclea.on	
  frame.	


SE = m ds + 1
4∫ d 2x gF µνF∫ µν

instanton	


t

x

∴ P ≈ e
− πm2

eE

In	
  the	
  first	
  quan.za.on	
  picture,	
  we	
  can	
  calculate	
  transi.on	
  rate	
  via	
  instanton	
  method.	
  	


r2 − t 2 = rc
2

r2 + it( )2 = rc2
Euclidean	
  region	




Can	
  we	
  see	
  the	
  boosted	
  nuclea.on?	


φ* φ

E

t

x

x

Boosted	
  observer	
  should	
  look	
  at	
  a	
  different	
  picture.	


First,	
  an	
  an.-­‐par.cle	
  appears	
  abruptly.	
  
Then,	
  it	
  bounces	
  back	
  to	
  the	
  leO.	
  
AOer	
  a	
  while,	
  a	
  par.cle	
  appears.	


If	
  	
  the	
  nuclea.on	
  process	
  is	
  Lorentz	
  invariant,	
  
we	
  must	
  find	
  this	
  type	
  of	
  nuclea.on.	


If	
  not,	
  the	
  nuclea=on	
  frame	
  must	
  be	
  	
  
determined	
  by	
  the	
  observer	
  or	
  others.	


Now,	
  let	
  me	
  go	
  back	
  to	
  our	
  problem.	




Ini.al	
  condi.ons	
  determine	
  the	
  nuclea.on	
  frame?	


φ* φ

E

ini.al	
  condi.on	
  hypersurface	


x

t
There	
  may	
  be	
  a	
  preferred	
  frame	
  
determined	
  by	
  the	
  ini.al	
  condi.ons.	


In	
  that	
  frame,	
  the	
  pair	
  of	
  par.cles	
  appear	
  
at	
  the	
  same	
  .me.	


What	
  is	
  other	
  possibility?	




Strategy	
  	


(A)  The	
  frame	
  of	
  nuclea.on	
  is	
  determined	
  by	
  ini.al	
  condi.ons.	
  

(B)  The	
  frame	
  of	
  nuclea.on	
  is	
  determined	
  by	
  the	
  rest	
  frame	
  of	
  the	
  observer	
  

(C)  Others	
  

There	
  are	
  at	
  least	
  the	
  following	
  op.ons	
  for	
  the	
  answer	
  to	
  our	
  problem.	


To	
  segle	
  the	
  issue,	
  we	
  move	
  on	
  to	
  the	
  second	
  quan.za.on	
  picture.	




Schwinger	
  pair	
  produc.on	
  (1)	


S = d 2x −ηµν ∂µφ
* + ieAµφ

*( ) ∂µφ − ieAµφ( ) − m2φ*φ −
1
4
F µνFµν

⎡
⎣⎢

⎤
⎦⎥∫

Fµν = ∂µAν − ∂ν Aµ = −εµνE

It	
  is	
  clear	
  that	
  a	
  constant	
  electric	
  field	
  in	
  (1+1)-­‐dimensions	
  is	
  Lorentz	
  invariant.	


Aµ = (0,−Et)

−∂t
2+ ∂x− ieAx( )2 −m2⎡

⎣
⎤
⎦φ = 0

φ(t, x) = dk
2π( )1/2∫ akφk (t)+ b−k

† φk
*(t)⎡⎣ ⎤⎦e

ikx
ak ,ak '

†⎡⎣ ⎤⎦ = δ (k − k ') bk ,bk '
†⎡⎣ ⎤⎦ = δ (k − k ')

constant	
  electric	
  field	


charged	
  scalar	
  field	


Take	
  a	
  gauge	


vacuum	
 ak 0 = 0 bk 0 = 0

d 2

dt 2
+ m2 + k + eEt( )2⎡

⎣
⎢

⎤

⎦
⎥φk (t) = 0



φk (z) =
1

2eE( )1/4
e
iπ
4
ν*

D
ν*

− 1− i( )z⎡⎣ ⎤⎦ DΛ (Z ) =
e
−Z

2

4

Γ(−Λ)
dwe

−Zw−w
2

2
0

∞

∫ w−Λ−1 Re(Λ) < 0

φk ≈
1

2eE( )1/4
2 z( )ν

*

e
i
2
z2

 z − ν  i∂tφk  −eEtφk at t→−∞

in	
  vacuum	


φk
out (z) = 1

2eE( )1/4
e
− iπ
4
ν
Dν 1+ i( )z⎡⎣ ⎤⎦

φk =α kφk
out + βkφk

out∗ α k =
2π

Γ(−ν *)
e
iπ
4
ν*−ν( ) βk = e

iπν*

βk
2 = e−πλ = e

−πm
2

eE

z = eE t + k
eE

⎛
⎝⎜

⎞
⎠⎟

Schwinger	
  pair	
  produc.on	
  (2)	


out	
  vacuum	


parabolic	
  cylinder	
  func.on	


Bogoliubov	
  trans.	


ν = − 1
2
− i λ
2

λ = m
2

eE

dn
dt

= eE
2π

⎛
⎝⎜

⎞
⎠⎟ e

−πm
2

eEThus,	
  we	
  obtain	
  Schwinger	
  formula	


dn
dk

= 1
2π

βk
2 n = 1

2π
dk βk−eE t

−eE t0∫
2



First,	
  we	
  check	
  the	
  op.on	
  (A).	
  
Namely,	
  we	
  examine	
  if	
  the	
  ini.al	
  state	
  breaks	
  Lorentz	
  invariance.	




Lorentz	
  invariance	
  of	
  the	
  in-­‐vacuum	
  (1)	


t = γ t − vx( ) x = γ x − vt( ) γ = 1
1− v2

Recall	
  the	
  posi.ve	
  frequency	
  mode	
  func.ons	


φk (z)e
i k x z = eE t + k

eE
⎛
⎝⎜

⎞
⎠⎟ A0 = 0 gauge	


φk (z )e
i k x z = eE t + k

eE
⎛
⎝⎜

⎞
⎠⎟ A0 = 0 gauge	


A0 =
∂x
∂t
A1 − ∂0Ω = 0 A1 =

∂x
∂x

A1 − ∂1Ω = −Et Ω = Eγ
2v
2

t 2 − 2vtx + x2( )

φk (t, x) = φk (z )e
− ieΩ(t ,x ) z = eEγ t − vx( ) + k

eE

Do	
  Lorentz	
  trans.	


In	
  a	
  different	
  frame,	
  we	
  have	
  mode	
  func.ons	


K ≡ dx φk∂tφk −φk∂tφk⎡⎣ ⎤⎦t=const .∫ e− i k x+ i k x
We	
  need	
  to	
  calculate	
  mixing	


Do	
  gauge	
  trans.	


Thus,	
  we	
  obtain	
  mode	
  func.ons	
  in	
  the	
  same	
  coordinate	
  system	
  as	
  the	
  original	
  one	




Lorentz	
  invariance	
  of	
  the	
  in-­‐vacuum	
  (2)	


K ≡ dx φk ∂tφk −φk ∂tφk⎡⎣ ⎤⎦t=const .∫ e− i k x+i k x = 0

It	
  turns	
  out	
  that	
  there	
  is	
  no	
  mixing	
  between	
  the	
  posi.ve	
  and	
  nega.ve	
  mode	
  func.ons.	
  
Hence,	
  both	
  vacua	
  are	
  equivalent.	


φk (t, x) = e
i z
2

2 dwe
(1− i ) z w−w

2

2 wν

0

∞

∫ φk (t, x) = e
− i eΩ e

i z
2

2 dw 'e
(1− i ) z w '−w '

2

2 w 'ν
0

∞

∫

K = dwwν

0

∞

∫ e
−
w2

2 dw '
0

∞

∫ w 'ν e
−
w '2

2 I k,k ,w,w ',t( )

I = i eE dx (1− v)γ z − z − (1+ i)(γw '− w)[ ]
t=const .∫ fk fk

fk = e
− ikxe

i z
2

2 e(1− i )zw

fk = e
i k x − i eΩe

i z
2

2 e(1− i )z w '

=
2 π i

γ (1− v)v
e
i k 2

2veE
−
v w '2

1−v w − γ (1+ v)w '[ ]

Now,	
  it	
  is	
  easy	
  to	
  get	




Now,	
  the	
  ini.al	
  state	
  is	
  Lorentz	
  invariant,	
  
it	
  seems	
  we	
  excluded	
  the	
  op.on	
  (A).	
  
However,	
  there	
  are	
  subtle	
  features	
  …	




Two-­‐point	
  func.on	
  is	
  not	
  Hadamard	


G+ (xµ , yµ ) = 0 φ†(xµ )e
− ie Aµ dx

µ
x

y

∫ φ(yµ ) 0 G− (xµ , yµ ) = 0 φ(yµ )e
− ie Aµ dx

µ
x

y

∫ φ†(xµ ) 0

G+ Δ xµ( ) = α 2

4π
Γ(−ν *)

Wiλ /2,0 ieEΔs
2 / 2( )

ieEΔs2 / 2

Δs2 = − Δt( )2 + Δx( )2

G+ Δ xµ( ) = α 2

4π
Γ(−ν )

Wiλ /2,0 −ieEΔs2 / 2( )
−ieEΔs2 / 2

for   Δt − Δx > 0

for   Δt − Δx < 0

G (1) = G+ +G−

with	


Again,	
  we	
  have	
  Lorentz	
  invariance,	
  however,	
  it	
  is	
  not	
  Hadamard.	


G+ Δ xµ( ) = −
α 2

4π
log ieEΔs2 / 2( ) +ψ 1

2
− i λ
2

⎛
⎝⎜

⎞
⎠⎟ + 2γ

⎡
⎣⎢

⎤
⎦⎥

There	
  must	
  be	
  something	
  strange	
  …	


Whigaker	
  func.on	




Lorentz	
  breaking	
  current	


Jµ = ie
2
lim
x→y

∂
∂yµ

− ∂
∂xµ

⎛
⎝⎜

⎞
⎠⎟
G (1) yν − xν( )

∂J1
∂t

= 2e2E dk
2π

d
dk

k + eEt( )φk
2⎡

⎣
⎤
⎦∫ = e

2E
2π

α 2 + β 2 −1⎡⎣ ⎤⎦ =
e2E
π

e
−πm

2

eE

This	
  is	
  consistent	
  with	
  an	
  intui.ve	
  picture	


J1 = 2e dk
2π

k + eEt( )∫ φk
2

gauge	
  invariant	
  current	


One	
  can	
  show	
 J0 = 0

Let	
  us	
  evaluate	


J1 ≠ 0

There	
  may	
  be	
  no	
  Lorentz	
  invariance.	


+−



Although	
  the	
  ini.al	
  state	
  is	
  Lorentz	
  invariant,	
  
it	
  seems	
  there	
  exists	
  quantum	
  Lorentz	
  viola.on…	
  

So,	
  somehow	
  there	
  might	
  be	
  a	
  preferred	
  nuclea.on	
  frame!	




Observe	
  nuclea.on	
  frame	
  via	
  a	
  detector	


φ

φ*

ψ

χ

Sint = −g d 2x φ†ψχ +φψ †χ⎡⎣ ⎤⎦∫ = − dt∫  H int

φ* φ

t

x

ψ

χ

or	


In	
  order	
  to	
  get	
  the	
  informa.on	
  about	
  nuclea.on	
  frame,	
  let	
  us	
  introduce	
  a	
  detector.	


t

x

There	
  are	
  two	
  qualita.vely	
  different	
  scagerings.	


Hence,	
  the	
  momentum	
  distribu.on	
  of	
  chi	
  par.cles	
  carry	
  the	
  informa.on	
  about	
  the	
  frame.	




Kinema.cal	
  condi.ons	


In	
  order	
  to	
  suppress	
  the	
  leO	
  process	
  ,	
  we	
  assume	
   mψ < mχ +mφ

φ χ

ψ

pk

q

ψ

φ χ

φ∗ pk

q−k

ψ +φ∗ → χ

qphys + kphys = pphys

qphys
2 +mψ

2 + kphys
2 +mφ

2 = pphys
2 +mχ

2

qphys = q − eEt kphys = k + eEt pphys = p

2mψ
2 kphys = M

2qphys ± qphys
2 +mψ

2 M 4 − 4mφ
2mψ

2 M 2 = mχ
2 −mψ

2 −mφ
2

mχ > mψ +mφ

Before	
  going	
  into	
  details,	
  let	
  me	
  comment	
  on	
  kinema.cal	
  condi.ons.	




Momentum	
  distribu.on	
  of	
  chi	
  par.cles	


φ = dk
2π

akφk + b−k
† φk

∗( )eikx∫

ψ = dq
2π

dqψ q + f−q
†ψ k

∗( )eiqx∫

χ = dk
2π

cpχ p + c− p
† χ p

∗( )eipx∫ χ p =
1
2ω p

eipx−iω pt

ak ,  a ′k
†⎡⎣ ⎤⎦ = δ (k − ′k ) bk ,  b ′k

†⎡⎣ ⎤⎦ = δ (k − ′k )

dq ,  d ′q
†⎡⎣ ⎤⎦ = δ (q − ′q ) fq ,  f ′q

†⎡⎣ ⎤⎦ = δ (q − ′q )

cp ,  c ′p
†⎡⎣ ⎤⎦ = δ (p − ′p )

f = exp −i d ′t
−∞

∞

∫ H int ( ′t )⎡
⎣⎢

⎤
⎦⎥
i

 
 i − i d ′t

−∞

∞

∫ H int ( ′t ) i

q = dq
† 0

dNχ

dp
=
f cp

†cp f
q q

 

dNχ

dp
= 1

2π
 dt  gφq−p

∗ ψ qχ p
∗  

−∞

∞

∫
2

≡ 1
2π

 Aχ (p;q) 
2

AOer	
  a	
  short	
  calcula.on,	
  we	
  obtain	


Let	
  us	
  derive	
  momentum	
  distribu.on	
  of	
  chi	
  par.cles.	




We	
  have	
  already	
  excluded	
  the	
  op.on	
  (A).	
  
Now,	
  we	
  we	
  want	
  to	
  examine	
  the	
  possibility	
  	
  
(B)	
  The	
  frame	
  of	
  nuclea.on	
  is	
  determined	
  	
  

by	
  the	
  rest	
  frame	
  of	
  the	
  observer.	




φ

φ*

ψ

χ

φ* φ

t

x

x

ψ

χ

2T

2T

t

x

g(t) = ge−t
2 T 2Let	
  us	
  turn	
  on	
  the	
  detector	
  only	
  for	
  a	
  finite	
  .me	
  interval	
  2T	


 mφ  eET  mψWe	
  also	
  assume	
  	
 so	
  that	
  psi	
  detector	
  par.cle	
  remains	
  unchanged.	


Consider	
  sta.c	
  detector	
 q = 0 ,	
  thus	
  we	
  have	
 p ≈ kphys

Introducing	
  the	
  observer	


If	
  both	
  cases	
  are	
  observed,	
  we	
  have	
  to	
  seek	
  other	
  possibility	
  (C).	


This	
  can	
  be	
  interpreted	
  as	
  an	
  observer.	




 
Aχ (p;q = 0) = dt  g(t) φ− p

∗ (t) ψ 0 (t) χ p
∗ (t)

−∞

∞

∫

 

dNχ

dp
∝ 1

2π
 Aχ (p;q = 0) 

2
∝ exp −

2(p +ω p −mψ )2

(eET )2

⎡

⎣
⎢

⎤

⎦
⎥

ψ 0 (t) ≈
1
2mψ

e− imψ t

ω p = p2 +mχ
2

p = − 1
2mψ

mχ
2 −mψ

2( )The	
  distribu.on	
  has	
  a	
  peak	
  at	
 Δ p ≈ eETwith	
  width	


Namely,	
  we	
  do	
  not	
  see	
  the	
  lower	
  branch.	


Now,	
  the	
  amplitude	
  reads	


The	
  answer	


φ

φ*

ψ

χ

2T

t

x

Then,	
  	


This	
  supports	
  the	
  op.on	
  (B).	
  	




Conclusion	
  	


•  In	
  each	
  observers	
  frame,	
  par.cle	
  and	
  an.par.cle	
  nucleate	
  at	
  rest	
  
and	
  are	
  accelerated	
  in	
  opposite	
  direc.on	
  by	
  the	
  electric	
  field.	
  

•  The	
  close	
  analogy	
  between	
  pair	
  produc.on	
  in	
  2-­‐d	
  and	
  bubble	
  
nuclea.on	
  in	
  4-­‐d	
  lead	
  us	
  to	
  expect	
  that	
  a	
  similar	
  picture	
  should	
  
apply	
  to	
  observa.ons	
  of	
  bubble	
  nuclea.on.	



