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Inflationary models
Many inflationary models have been proposed so far.

® Curvature inflation (first model of inflation)
The higher-order curvature term leads to inflation.
Lagrangian: f(R) = R + R? /(6 M2) Starobinsky (1980)

® “Old” inflation

Inflation occurs due to the first-order phase transition of a vacuum.
Sato (1980), Kazanas (1980), Guth (1980)

® Slow-roll inflation Inflation is driven by the potential energy of a scalar field.

New, chaotic, power-law, hybrid, natural, extra-natural, eternal, D-term,
F-term, brane, oscillating, tachyon, hill-top, KKLMMT, ... (too many)

_ Inflation is driven by the kinetic energy of a scalar field.

Ghost condensate, DBI, Galileon,...

There are also multi-field models.

Brans-Dicke, Higgs, Horndeski’s theory,....




Inflationary observables
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In order to discriminate between a wide variety of inflationary models,
we evaluate inflationary observables in the most general scalar-tensor theories

with second-order equation of motion.

v

® This action was first derived by Horndeski in 1973.
® |In 2011 Deffayet et al. derived the same action in a different form.

® The equivalence of two actions was shown by Kobayashi et al. in 2011.

This is the theory with one scalar degree of freedom, which covers
a wide variety of single-field inflation models.
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Horndeski’s paper in 1973

International Journal of Theoretical Physics, Vol. 10, No. 6 (1974), pp. 363-384

Second-Order Scalar-Tensor Field Equations
in a Four-Dimensional Space

Gregory Walter Horndeski

MathSciNet

Ph.D. University of Waterloo 1973 [l e [}

Dissertation: Invariant Variational Principles and Field Theories

Advisor: David Lovelock +——
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Horndeski’s action

/d4x\/_[ leJFP(Cb, X) = Gs(o, X)Uop + L4+ L5 |.

Ly =Gy, X) R+ Gux [(O9)° — (V. V.0) (VFVY9)]
L5 = G5(¢,X) G (VFVY$) — %G5,X[(D¢)3 = 3(09) (VuVu9) (VHV"9) +2(VFVad) (VEV50) (VPV,9)]
This action covers most of the dark energy models proposed in literature.
® Potential driveninflation: p— x — v(¢), G3=0, G4=0, G5=0
® K-inflation: p — p(¢, X), G3=0, G4=0, G5=0
® f(R) gravity and scalar-tensor gravity: G1 = F(¢), Gz=0, G5=0
® Galileon: P = —c, X, G3=c3X/M?, Gy=—-c1X?/MS, G5 =3csX%/M°
® Gauss-Bonnet coupling ¢(¢)g

P=8W(HX%3-1InX), G3=43(¢)X(7—3InX)
Gy =42 ($)X(2-InX), Gs=-4"(p)InX
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Second-order action for curvature perturbations
We consider scalar metric perturbations c, 1, /R with the ADM metric
ds? = —[(1 + a)? —a(t) "2 e 2R (0)?] dt? + 20,4 dt dz’ + a(t)*e*™dx>
We choose the uniform field gauge: ¢ = 0

The second-order action for perturbations reduces to

2

Sy = /dtd3x a,3Q [R2 _ C_; (372)2] ‘ Q > 0 and ¢ > 0 are required to avoid

Qa ghosts and Laplacian instabilities.
where Q= wi (dwiws + Iw3) 2 — 32wiwe H — wiwy + dwitwe — 2wits)
3’(1)% 7 i w1 (4w1w3 + 9’(1}%)

wi = MAF —4X Gy x — 2HX ¢G5 x +2X G54

wo = 2M2HF —2X¢G3 x — 16H (X Gy x + X?Gyxx) + 20(Gag +2X Gy x)
—2H?¢(5X G5 x + 2X%Gs xx) +4HX (3Gs5.4 + 2X G5 4x)

ws = —9M2AH?F + 3(XPx +2X?Pxx) + 18H$(2XG3 x + X*Gs.xx) — 6X (G346 + XG3,4x)
F18H?*(TXGyx +16X%Gy xx +4X3Gyxxx) — 18HP(Gap + 5XGupx +2X°Cuoxx)
+6H3p(15X G5 x + 13X2Gs xx +2X3CGsxxx) — 18H>X (6G5.4 + 9X G5 px + 2X°C5.6xx)

wy = MAF — 2XGs 4 — 2XG5 x
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Power spectrum of curvature perturbations

1
(2m)?
Introducing a rescaled field v = zu with z = a+/20Q), it follows that

1)
v+ (cng — Z—) v=>0
I

Under the slow-variation approximation we have

R(r,x) = /d?’k R(r, k)e*® R(1, k) = u(r, k)a(k)+u* (1, —k)a' (—k)

2" H
Z =2(aH)*140 =
— = 2H?[14+0()], =
In the de Sitter limit the conformal time is 7 = —1/(aH), in which case the solution is
,I:He—ics'r
k) = 1+ ekt
) = ey kT
Using this solution in the limit 7 — 0, the power spectrum of R 1is
H? 2
Pr = where _ @ _ 14 26
= 87T2M3165ch s = M2 F’ H=1+ M2
1'he spectral index 1s
1 dInPr 5 Kobayashi et al. (2011)
kel = = T4€—0sp— S De Felice and S.T. (2011
dink |, yun (2011)
where  n.p = (e, F) = G

H(e.F)  °~ He,
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Tensor power spectrum
Tensor perturbations:  h;; = h+ejj + hxej;

The second-order action is

. C2 T
St = Z /dtd?’a:aBQt [hi - a_;(ah)\):z] where Q, = W ¢ = wa

N 47 w
. 2 2
The tensor power spectrumis  p, — o -~ —
272Q); c; W2M§1F
The tensor-to-scalar ratio is r = Ps ~ 16cq€q
R

These results can be readily used for concrete models of inflation.
€0, P=X-V(¢)
mm) 1, =1-—6ey+ 2ny, r = 16ey

M2 174 2 MQV
where o — S (T2 - S

These observables depend on the slope of the potential.



Observational bounds

Lyth bound
If PLANCK places the bound like » < 0.01, A roN1/2
=Y > (D
many slow-roll inflation models can be ruled out. My ™~ (0.0l)
1 V(¢) = cot red ‘ blue
/
. : n> 0 o 4
Chaotic mflatlcz)jn —— o 3 . 05 %CL
V(¢) = cp? — 01}k n< 0 ¥, 68 %CL
- Ag@> Mpj
Natural inflation P large-field
V(9) = ValL — cos(@/f)] 001 /—
y% Ap< M pl
I
V(6) = Vo[l — (¢/M)?] + - /4 small-field
0.001 f W
2 WMAP Hybrid inflation
- % very small-field inflation y—,

characterizes the curvature
of the potential.
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Scalar non-Gaussianities

The information of scalar non-Gaussianities is useful to place further constraints
on inflationary models.

Three-point correlation function of curvature perturbations is

<R(k1)R(k2)R(k3)> = (271')75(3) (kl + k2 + k3)(PR)2HARk3
1 =1""
The non-linear parameter is defined as  fxr. = 130 ZAR
=1 z

There are several different shapes of non-Gaussianities.

k1

(i) Squeezed limit (local type) ks — 0, k1 ~ ko ; !

ks

(ii) Equilateral type ~ F1 =Fh2= ks g &

ko

k1 ko




WMAP9 constraints on the nonlinear parameter

local — 37.2 4 19.9 (68 % CL), local — 37 4 40 (95% CL) ,
cauil — 51 4136 (68 % CL), il — 51 4+ 272 (95 % CL),
ortho — 9454100 (68 % CL), ortho — 9454200  (95%CL).

The “orthogonal’ shape is orthogonal to the equilateral template (explained later).

Using the relation fgifold = (vl — fortho) /9 the enfolded nonlinear parameter is constrained to be
enfold — 148 + 118 (68 % CL), cnfold — 148 + 236 (95 % CL)

For the local, orthogonal, and enfolded shapes the model with purely
Gaussian perturbations (fnr, = 0) is outside the 68 % observational contour.

but, apart from the orthogonal case, it is still consistent with the WMAP
constraints at 95 % CL.

We evaluate the nonlinear parameter in the Horndeski’s theory which can be
used for any shape of non-Gaussianities.
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WMAP9 2-dimensional constraints on f;qun and fgreho
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The third-order action for scalar perturbations

Ss = / dt d%{a?’clMglm'z? +aCaMAR(OR)? + a®Cs My R? + a*CsR(O;R)(9;X) + a®(C5 /M) O*R(0X)?

+ aCeR*PR + Cr [0*R(OR)? — RD;0;(0;R)(9;R)] /a + a(Cs/Mp) [0*RORI;X — RI;0;(0;R)(9;X)]

0Lo
+7i5 | |

where 92X = QR and C; are coefficients which depend on the background.

J1 1ncludes the time and spatial derivatives of 'R and & alone, and

0Lo

R

= -2 {d(a?’QTQ) —aQc?I*R
X dt

The vacuum expectation value of R for the three-point operator in the asymptotic future (7 — 0) is
0
(R(k)R (k)R (ks)) = —i / dr a (0] [R(0, k1 )R(0, ka)R(0, ks), Hun ()] [0)

where Hin = —L3 and S3 = [ dt Ls.

We write the three-point correlation function in the form

(R(k1)R(k2)R(ks)) = (2m)°6 (k1 + ko + k3)(Pr)* Fr (k1. ko, k3)

where 'I'he bispectrum R can be
2m)* evaluated under the slow-variation
Fr(ki, ko, k3) = (3 ) 5 AR (K1, k2, ks) o
1 K approximation.
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The leading-order bispectrum

Using the mode function on the de Sitter background (a = —1/(H7)) and

assuming that C;’s are positive, the bispectrum is

2

302 H
Ar D C151 + ——=C95> + —C3853 + C4S4 Sx
4e F 4e F 2es I My, 4 . Gao and Steer (2011),
7 H \? 1 H \?2 1 De Felice and S.T. (2011)
S S7 + C S
ToF (Mpl) Co6 + e, F'c2 (Mp1> G151+ 5, 8c2 My °7°

where the shape functions are

Zk%z—fzkfkf, Zk3+—2k2k2——2k2k3 g, = kaks)® =

(2] ) K3 )
Z>J 1#] i>] 1#]

Present in

Zk:”—*Zkkﬂ KQZkfk?, Sgl;[Zk?Jr;Zkik;% Zkzkg Bikoks 3 hiky | k-inflation

i#£] i#£j i£j Z#J i>]

Se = Ss. 5 — ( - Zkk 3k1k‘2k¢3) |: Zk4zk2k2]

i>j > These appear in the

3 5 7 Horndeski’s theory.
2 21.3 5 4
3 Fikaks § ki — 5 kakoks K -6 Kk E ki+§K§ k;

1

SS:KZ

i#]

andK:k1+k2+k:3.

3
S7 and Sg can be expressed as S7 = —5(351 — S2) + 1883, Sg = 351 — 52 + 35;.
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Simplification of the bispectrum
The coefficients are the order C; = O(e).

Aacgcs+ CpSy + 302£cs+ SCaSa + S
R le,F -1 4F22 2FMp133 404 + 42 5
3 (H)\ 1 H\° 1 ™~ O(€?). Neglected
— 5 S H s : :
+68F (Mpl) Co 6+265ch (Mp1> & 7+8cg M, *7%
2 - 1 =~ 302 H
5 —5_(C,8 CySy + —_(sS c S
A de F 1 1+463F 202 2 F My~ 3+ ghaoa
(") O(e)
~ 3H?2 3He, F
where clzcl—m(mzeww—w)cwQCgMplcs etc

If the leading-order bispectrum vanishes (which happens in the local limit),

we need to take into account the O(e) corrections to C1, Ca, Cs.
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Slow-variation corrections

(i) The variation of the coefficients C;

Cz’(T):éi(TK) dC; 1 T

20 where 7k = —-1/(Kcsk
o L UGV K /( )

(ii) The correction to the scale factor

1 € €
— _ _ + ] + O(?
a - - - n(7/7K) (%)

(iii) The correction to the mode function

Vo1 H P Lo\ iz(er Lo ()
2\/‘ /e Fc, My, L3/2 1+—€+28 el 2M:F) [ { [(1+€+8)y]

where y = csk/(aH), v =3/2+ €+ nsp /2 + 5/2

u(y) =

'I'he corrections to the bispectrum can be written as

1
4e  F

3CH

2
1) s lead (2) _
AAR" = ( o nC ) 0Q1 AAR" = < de F My, °

ea 3
P Cs d) 0Q2, AA%):(

0Q; (i =1,2,3) are the terms of the order of O(e).

Clead
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Full bispectrum

De Felice and S.T. (2013)

AR Alead _|_ Acorre
where
1 1 1 oC 3 /1 3N 66C 6 0C
lead __ T v _ — = _ _ 6 _ 2 v
A= |3 (1) raa o e+ 5 (5 -SR-S s

0C7
Asorre — {551 + (2¢ + Tnsp — 517)

S

1
+ 35C8] S1+ 12
oCs

S

S

4

[5C2 + (2¢ = nsp — n7 + 4s)

1 oC
2(37731: 2n7 — s) 67} Sy —

1 2 6Cy 3 /1 2\
— (——1—— p )(35Q1+5Q2)+—<é—1—§+

0Cr

S

— 5C8] S

1

4—2(63 — 35C8)S4

0Cs 4 (567) 50
3

€s 02 €s

where dC;’s are the order of O(e) and

w1 (4w wsz + 9w?)
120} !

F? .
A= ?[3X23XX + 2X3P,XXX —{—3H¢(XG3’X —|—5X2G37XX +2X3G3,XXX) — 2(2X2G37¢X —|—X3G37¢Xx)

—|—6H2(9X2G4,XX + 16X3G4’XXX -+ 4X4G4’XXX)() — 3H¢(3XG4¢,X + 12X2G47¢XX + 4X3G4,¢XX)()

+H3G(3XGs x +27X%Cs xx +24X3Gs xxx + 4X*Cs xxxx)
—6H2(6X2G5’¢X + 9X3G5,¢XX + 2X4G5,¢XX)()
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_ocal non-Gaussianities

® Squeezed limit: k3 — 0, ky >k =k
S =3k7/2 =35, Sy =5, =0 mmp AR =

k3 E Same as that derived by
AR = 1(26 +nsp+s) | = g1 —ns) <1 Maldacena in standard
slow-roll inflation.

The small local non-Gaussianity in the squeezed limit is a
generic feature in the single-field slow-variation inflation.

® Not-so squeezed case: 3 = k3/k1 #0, but r3 < 1
The leading-order bispectrum has the dependence | fi$2d| ~ 72 /¢
This dominates over the correction for
re >csv/1—n, = r3 > 0.2c for ng =0.96

For the models with ¢? < 1 there is the growth of | fi,|
with the increase of rg from 0.



Equilateral and enfolded non-Gaussianities

e Equilateral non-Gaussianity %1 = k2 = k3 Aax = XGixx /G x
ete
8 T\ 10A 20
cquil.lead _ 394 (1 - %> b + Slc. [(14 Asx)dasx +4(3 4+ 2 ax)dcaxx + dcsx + (5 +2Xs5x)dasx x|
65
+m(5G3X +60cgaxx +dasx +0gsxx)

) | oduiblead) o g for 2 < 1

In standard slow-roll inflation with G3 = G4 = G5 = 0 we have
1Srciuil,leaud — 0 and 1‘\31%1111’001"1"6 = 5568/36 + 5773/12 ‘ small

® Enfolded non-Gaussianity = *s — k.ki — ko = k/2

1

1 1 1 A
enfold,lead
T =15 ) et [T+ Asx)d 4(342M4x)0 ) 5+ 2X\s5x)0
In 32< cg) 16ZJ+86S [(1+ Asx)dasx +4(3 + 2Max)dgaxx + dasx + (5 + 2As5x )dasx x]

‘ |f§rif°1d’lead| > 1for 2«1

In standard slow-roll inflation with G3 = G4 = G5 = 0 we have

1tirrifold,lead — 0 and fgrifold,corre _ 763/8 + 5773/12 ‘ Sma”
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Shapes of non-Gaussianities

The CMB data analysis of non-Gaussianities have been carried out
by using the factorizable shape functions:

(i) Local template

3 1 1 1
f'local kv ko ka) = (2 4 [ Y rlocal
= (K, ko, ks) = (2m) (10 NL k:fk% + kgkg + kgk'f

(i1) Equilateral template

: 9 ; 1 1 1 2 1
fequll kv ko ko) = (2 4 ( “ pequil _ _ — — 5) .
r (K1, k2, k3) = (2m) (10 NL B BE BE 2Rk T ke k2R3 T 9 perm

Orthogonal to the equilateral one (the correlation
with the equilateral template is small).

(iii) Orthogonal template

9 . 3 3 3 8 3
fortho(kl, ko, ks) = (2m)* (—fmtho) [— — — - + ( +5 pel‘m.)
R 10°NE K3k3  k3E3 KRR K2RERE T \ kyk2K3

enfo equil rtho
() Enfolded template 5 = (75 - 7)/2

9 1 1 1 3 1
f-enfold kv ko ko) = (2 4 enf _ 5 .
R ( 1y 2, 3) ( 7T) 10 NL k%k‘% + k,g,k,g + kgk,ii’, + k‘%k’%k’% klk‘%kg + 9 perm




Templates

0203020202050 0s
'O.‘Q‘O.‘.‘."""""”‘:Q:Q‘:$‘
L GRRENNNEIG:
RIIRRELIIXLARXAKK

%:3'3'3: S
RN
ORI

XD
q;

The correlation between two different templates

I(FR\ FR)
VIFER F)) 17D, 7))

C(Fr) FR)) =

(k1koks)t

() ) Q ()
T(FD, FIN = [ ave FD (k1 ko, k) FY (K1, oo, &
where (Fr'Fr’) / Vi Fr' (k1. k2, ks) Fry' (k1, k2, 3)(k1+k2+k3)3

i equil enfold
e,g,’ C(f%quﬂ’ %rtho) — 0025 C(qu : = ) — 0512
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Horndeski’s theory

The leading-order bispectrum is

1 1 1 o6C 3/ 1 3 60C 6 o0C
lead 7 6 7
.AR = — (1 - =]+ 3, —S5) )+ |-—=—-—1)] — — + - — S.
[4 ( (22) 2c2 €, } ( 1 2) {2 ( ) )y €s cg € ] 3

The correlation with the equilateral template is large, but
there is also the contribution from the orthogonal one.

The shape functions 357 — S2 and S3 are related with Sy, as

3 The correlation with the equilateral template is
S = ——(381 - 82) + 1855 ‘ f P

2 C' = 0.999892  (very close to 1)

We can use the following equilateral and orthogonal bases to rewrite the bispectrum.

i 12 The sh f ti fequil . lized
Seqml _ = S ‘ € shhape Iucintlon J - 1S NNorimallze
! 13 ’ tObelatklszZkg.
ortho 12 1
S = T 1ap ST 351 - %) e C(S2M, 57T) = 0

16 248041 — 252007

'3 1986713 — 20160072

where



where

C1 =

Co =

Leading-order bispectrum

lead __ equll ortho
lead _ o geanil o
1371 1 A 5Ce 5Cs
ﬁ[ﬂ(l_c_g)(2+38)+ﬁ(2_3ﬁ) ) + 52|
14 — 133 1 | L B i L 0Cg
12 |3 2) Ay " 2, (8~12)

The coefficients ¢1 and co characterise the contributions
of equilateral and orthogonal shapes.

N 4

This depends on the models of inflation. For the models characterized by

0C7 = dgax + 60gaxx + dasx + dasxx # 0,

Gs xdX

the orthogonal contrubition can be important (where dgsx = AR etc).
pl
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Power-law k-inflation

Power-law k-inflation (a o t'/7 with v < 1) can be realized for

P(¢, X)=K(@) (=X +X*), G3=0, G4=0, G5=0 K () o

In this case one has

3 —
X: 8 C2_ Y

32—7)° 34 —7)
In the limit that CQ < 1 we have
Alead ( 0. 252/6 ) equﬂ 4+ (0 016/(3 )Sortho

<1

=) | this case the equilateral shape dominates.

I?I%UH Jead —85/(324(3 ) and fl?JIgOld lead —1/(3263)

mm)  The WMAP9 bound gives ¢ > 1.2 x 1073 (95 % CL)
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Galileon inflation
Model: P(X)=-X+ X?/(2M*) with the Galileon terms

Go(X) = uX/M*,  Gu(X) = uX?/M",  G5(X) = uX?/M"

In the limit that ¢? < 1 the bispectra are

(i) G3(X) = pX/M

Alead & (0.109/¢2) S5 4+ (0.016/¢2) Sgrthe

cewmil — 0,972, Co*h° = (0.240 for ¢? = 0.01
(i) Ga(X) = pX?/M

Al,%ad ~ (0_018/63)3(;@111 + (0.016/¢2)Sgrthe =) The orthogonal contribution Is
comparable to the equilateral one.

ceauil — 0,684, Co*he = 0.680 for ¢ = 0.01
(iii) G5(X) = puX?/M*

The orthogonal contribution

ea equil ortho
Alead ~ (—0.012/¢2) S5 + (0.016/¢2) Serth ) dominates.

ceail — _0.165, C°"*ho =(.888 for ¢ = 0.01



Power-law k-inflation
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Conclusions

1. We derived the bispectrum of scalar non-Gaussianities in the Horndeski’s
most general scalar-tensor theories (one scalar degree of freedom).

2. Our formula with slow-variation corrections can be used for any shape
of non-Gaussianities (including the squeezed case).

3. We expressed the leading-order bispectrum in terms of equilateral and
orthogonal bases.

4. There are some models in which the orthogonal contribution domianates
over the equilateral one.

Future outlook

1. The Planck data will be able to constrain many inflationary models.

2. Especially, the detection of local non-Gaussianities is a challenge
for single-field inflationary models.
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