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Mystery	  in	  contemporary	  physics	  	
quarks	  +	  leptons	  +	  gauge	  bosons	  	  	  	  	  	  	  	  	  	  4%	

dark	  ma\er	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  24%	  	  	  	  	  	  	  supersymmetric	  partners?	

dark	  energy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  72%	  	  	  	  	  	  	  ??????????????????????	

Standard	  	  logic	  	 Rµν −
1
2
gµνR = 1

Mp
2 Tµν

Modified	  gravity	 Exo%c	  ma\er	

f (R) gravity

DGP	  gravity	

quintessesnce	

k-‐essence	

ghost	  condensa%on	

There	  exists	  a	  slightly	  different	  view	  point.	



	  graviton	  :	  the	  last	  piece	  of	  par%cle	  physics	

gµν :graviton fµν :spin-2 matter bimetric	  gravity	

mg ≈10
−33eV

ρ = 3Mp
2H 2 = 3Mp

2 Λ
3
= Mp

2mg
2 = 1027 eV ×10−33eV( )2 = 1meV( )4

Massive	  gravitons	  as	  dark	  energy	  	  

Cf.	  	  spin-‐2	  meson　　  f	  meson,	  a	  meson,　etc.　Isham,	  Sakam,	  Strathdee	  1971	  	  	  	  

No	  one	  doubt	  the	  existence	  of	  gravitons,	  but	  no	  one	  found	  	  gravitons!	  
It	  would	  be	  nice	  if	  gravitons	  account	  for	  accelera%ng	  universe.	

We	  need	  gravita%onal	  Higgs.	

S ≈ Mp
2 d 4x ∂h( )2 −mg

2hµαhνβηµνηαβ
⎡⎣ ⎤⎦∫

S ≈ Mp
2 d 4x ∂h( )2 −mg

2hµαhνβ fµν fαβ⎡⎣ ⎤⎦∫

ηµν = fµν



Why	  infla%on?	

S =
Mg

2

2
d 4x −gR(g)+

M f
2

2
d 4x − f R( f )∫ +m2Mgf

2 d 4x −g∫ βnen g−1 f( )
n=0

4

∑∫

Apparently,	  there	  arises	  a	  cosmological	  constant	  if	  f	  is	  propor%onal	  to	  g,	  	  	  
	  which	  may	  explain	  the	  dark	  energy.	

However,	  this	  is	  not	  	  a	  big	  surprise	  because	  we	  introduced	  one	  dimensionful	  parameter.	

Hence,	  we	  need	  to	  test	  this	  possibility	  with	  	  precise	  cosmological	  data	  such	  as	  CMB	  data.	

Thus,	  we	  need	  to	  consider	  infla%on	  more	  seriously.	  	

Recently,	  a	  consistent	  theory	  has	  been	  found	 Hassan	  &	  Rosen	  2012	

Once	  we	  admit	  bimetric	  gravity,	  there	  is	  no	  reason	  to	  refuse	  mul%metric	  gravity.	



Contents	  	
1.	  	  	  Before	  studying	  infla%on,	  we	  need	  to	  understand	  consistency	  of	  mul%metric	  gravity.	  	  

2.	  	  In	  order	  to	  explain	  dark	  energy	  bare	  mass	  must	  be	  quite	  small,	  	  
	  	  	  	  	  	  	  	  	  which	  may	  cause	  viola%on	  of	  the	  cosmic	  no-‐hair	  conjecture	  
	  	  	  	  	  	  	  	  	  or	  the	  viola%on	  of	  the	  Higuchi	  bound	  

3.	  	  We	  numerically	  examine	  the	  infla%onary	  dynamics.	  (In	  progress)	  

Now	  we	  may	  have	  	  	m < H0 If	  so,	  	  the	  shear	  will	  slow	  roll	  like	  the	  inflaton	

and	  	  the	  cosmic	  no-‐hair	  will	  be	  	  violated.	

In	  the	  de	  Si\er	  background,	  the	  equa%on	  of	  	  graviton	  is	  the	  same	  as	  the	  scalar	  field	

That	  also	  implies	  the	  existence	  of	  a	  ghost	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  since	  the	  mass	  is	  below	  the	  Higuchi	  bound	 meff

2 = 2H0
2



Consistency	  of	  	  
mul%metric	  gravity	



Ghost	  free	  non-‐linear	  bimetric	  gravity	  	

g−1 f( )µ α g−1 f( )α ν ≡ g
µα fανe0 (X) = 1

e1(X) = tr X

e2 (X) =
1
2

tr X( )2 − tr X 2⎡
⎣

⎤
⎦

e3(X) =
1
6

tr X( )3 − 3tr X tr X 2 + 2tr X 3⎡
⎣

⎤
⎦

e4 (X) = det X

fµν =ηab ∂µφ
a ∂νφ

bMassive	  theory	  of	  gravity	

Hassan	  &	  Rosen	  2012	

de	  Rham	  &	  Gabadadze	  2010	

de	  Rham,	  Gabadadze,	  Tolley	  2011	

βn :	  parameters	

S =
Mg

2

2
d 4x −gR(g)+

M f
2

2
d 4x − f R( f )∫ +m2Mgf

2 d 4x −g∫ βnen g−1 f( )
n=0

4

∑∫

Mgf
2 = 1

Mg
2 +

1
M f

2

⎛

⎝⎜
⎞

⎠⎟

−1



Why	  are	  these	  ghost	  free?	

gµν =
−N 2 (t) 0
0 γ ij (t)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

fµν =
−L2 (t) 0
0 ω ij (t)

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

g−1 f( )µ ν =
− L
N

0

0 γ −1ω

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−ge1 g−1 f( ) = −gtr g−1 f = γ N L
N

+ tr γ −1ω⎛
⎝⎜

⎞
⎠⎟ = γ L + N tr γ −1ω( )

−ge2 g−1 f( ) = −g 1
2

tr g−1 f( )2 − tr g−1 f⎡
⎣⎢

⎤
⎦⎥

= γ N 1
2

L
N

+ tr γ −1ω⎛
⎝⎜

⎞
⎠⎟
2

− L2

N 2 − trγ
−1ω

⎡

⎣
⎢

⎤

⎦
⎥ = γ L tr γ −1ω + 1

2
N tr γ −1ω( )2 − trγ −1ω{ }⎛

⎝⎜
⎞
⎠⎟

−ge3 g−1 f( ) = −g 1
6

tr g−1 f( )3 − 3tr g−1 f tr g−1 f + 2tr g−1 f( )
3
2⎡

⎣
⎢

⎤
⎦
⎥

= 1
6

γ N tr γ −1ω( )3 − 3tr γ −1ω trγ −1ω + 2tr γ −1ω( )
3
2⎡

⎣
⎢

⎤
⎦
⎥ +
1
2

γ L tr γ −1ω( )2 − trγ −1ω{ }
−ge4 g−1 f( ) = −g det g−1 f = det − f = Ldet ω

−ge0 g−1 f( ) = −g ×1= N γ

Nomura	  &	  Soda	  2012	



Constraint	  algebra	

β0 = 3 β1 = −1 β4 = 1 β2 = β3 = 0

CN = C0 (g,π ) + 2m
2Mgf

2 detγ tr γ −1ω − 3( )
CL = C0 ( f , p) + 2m

2Mgf
2 detγ − detω( )

CN ,CL{ } = 2m2Mgf
2 1
2
Mg

2π i
i − M f

2 detγ −1

detω
1
2
pi
itr γ −1ω − tr γ −1ω pω( )⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

H = NCN + LCL



Bimetric	  gravity	  is	  ghost	  free	

gµν =
−N 2 0
0 γ ij

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ fµν =

−L2 0
0 ω ij

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Mini-‐superspace	

H = NCN + LCLhamiltonian	

primary	  constraint	 CN = 0 CL = 0

 
CN = CN ,H{ } = L CN ,CL{ }  0secondary	  constraint	

 
CL = CL ,H{ } = −N CN ,CL{ }  0

24 − 6 − 2 −1−1
2

= 7 = 2 + 5

diagonalize	  a	  metric	 primary	 secondary	 gauge	  fixing	

Nomura	  &	  Soda	  2012	



Mul%metric	  gravity	  (1)	

S =
Mg

2

2
d 4x −gR(g)+

M f
2

2
d 4x − f R( f )∫∫ + Mh

2

2
d 4x −hR(h)∫

+m1
2Mgf

2 d 4x −g∫ βn
1en g−1 f( )

n=0

4

∑ +m2
2M fh

2 d 4x − f∫ βn
2en f −1h( )

n=0

4

∑ +m3
2Mhg

2 d 4x −h∫ βn
3en h−1g( )

n=0

4

∑

trimetric	  gravity	
Nomura	  &	  Soda	  2012	

 
CN = L CN ,CL{ } +Q CN ,CQ{ } ≈ 0

 
CL = N CL ,CN{ } +Q CL ,CQ{ } ≈ 0

 
CQ = N CQ ,CN{ } + L CQ ,CL{ } ≈ 0

H = NCN + LCL +QCQ ≈ 0

L
N

Q
N

and	 are	  determined.	

Mini-‐superspace	  approach	

36 − 6 − 3− 0 −1
2

= 13 = 2 + 5 + 5 +1

Diagonaliza%on	  eliminate	  	  	 primary	 secondary	 gauge	  fixing	

Ghost!	

hµν =
−Q2 0
0 ρij

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟



Mul%metric	  gravity	  (2)	

S =
Mg

2

2
d 4x −gR(g)+

M f
2

2
d 4x − f R( f )∫∫ + Mh

2

2
d 4x −hR(h)∫

+m1
2Mgf

2 d 4x −g∫ βn
1en g−1 f( )

n=0

4

∑ +m2
2M fh

2 d 4x − f∫ βn
2en f −1h( )

n=0

4

∑ +m3
2Mhg

2 d 4x −h∫ βn
3en h−1g( )

n=0

4

∑

trimetric	  gravity	

Tree	  type	  interac%on	  is	  ghost	  free	

Nomura	  &	  Soda	  2012	

 
CN = L CN ,CL{ } +Q CN ,CQ{ } ≈ 0

 
CL = N CL ,CN{ } +Q CL ,CQ{ } ≈ 0

 
CQ = N CQ ,CN{ } + L CQ ,CL{ } ≈ 0

two	  secondary	  	

36 − 6 − 3− 2 −1
2

= 12 = 2 + 5 + 5

Diagonaliza%on	  eliminate	  	 secondary	 gauge	  fixing	primary	



Viola%on	  of	  cosmic	  no-‐hair?	  	



Simple	  Bimetric	  gravity	

S =
Mg

2

2
d 4x −g R(g)− 2Λg⎡⎣ ⎤⎦ +

M f
2

2
d 4x − f R( f )− 2Λ f⎡⎣ ⎤⎦∫ +m2Me

2 d 4x −g∫ e2 1− g−1 f( )∫

1
Me

2 =
1
Mg

2 +
1
M f

2

dsg
2 = −N 2 (t)dt 2 + e2α (t ) dx2 + dy2 + dz2⎡⎣ ⎤⎦ ds f

2 = −M 2 (t)dt 2 + e2β (t ) dx2 + dy2 + dz2⎡⎣ ⎤⎦

 
L = Mg

2e3α −3
α 2

N
− NΛg

⎡

⎣
⎢

⎤

⎦
⎥ +M f

2e3β −3
β 2

M
−MΛ f

⎡

⎣
⎢

⎤

⎦
⎥ +m

2Me
2e3α N 6 − 9ε + 3ε 2( ) +M −3+ 3ε( )⎡⎣ ⎤⎦

e2 (X) =
1
2

tr X( )2 − tr X 2⎡
⎣

⎤
⎦

Model	

Homogeneous	  and	  isotropic	  ansatz	

The	  reduced	  ac%on	

First	  ,	  we	  study	  the	  slow	  roll	  limit	  of	  infla%on,	  namely,	  de	  Si\er	  solu%on.	



Consistency	  condi%on	

ε = eβ−α

α '
N

⎛
⎝⎜

⎞
⎠⎟
'

−ξag M − Nε( ) 3
2
− ε⎛

⎝⎜
⎞
⎠⎟ = 0

β '
M

⎛
⎝⎜

⎞
⎠⎟
'

+ ξ 1− ag( )ε −3 M − Nε( ) 3
2
− ε⎛

⎝⎜
⎞
⎠⎟ = 0

α '
N

⎛
⎝⎜

⎞
⎠⎟
2

= λg + ξag 2 − ε( ) ε −1( )

β '
M

⎛
⎝⎜

⎞
⎠⎟
2

= λ f + ξ 1− ag( )ε −3 1− ε( )

ξ 3
2
− ε⎛

⎝⎜
⎞
⎠⎟

β 'eβ

M
− α 'eα

N
⎛
⎝⎜

⎞
⎠⎟
= 0

ag =
Me

2

Mg
2 ξ = m2

Me
2 λg =

Λg

3Me
2 λ f =

Λ f

3Me
2

' ≡ 1
Me

d
dt

Bianchi	  iden%ty	

Defining	  dimensionless	  variables	

We	  obtatn	

Thus,	  we	  have	  two	  branches.	

0 < ag < 1



Self-‐accelera%ng	  branch	

ε = 3
2

The	  instability	  exists	  for	  these	  solu%ons	

It	  is	  related	  to	  the	  absence	  of	  kine%c	  terms	  for	  extra	  modes	

α '
N

⎛
⎝⎜

⎞
⎠⎟
2

= λg + ξag 2 − ε( ) ε −1( ) β '
M

⎛
⎝⎜

⎞
⎠⎟
2

= λ f + ξ 1− ag( )ε −3 1− ε( )

Even	  for	  	λg = 0 we	  have	  accelera%ng	  solu%ons	 α '
N

⎛
⎝⎜

⎞
⎠⎟
2

= 1
4
ξag

This	  is	  true	  for	  massive	  gravity,	  while	 λ f > 0 is	  necessary	  for	  bimetric	  gravity	

Tasinato,	  Koyama,	  Niz	  	  2012	

Gumrukcuoglu,	  Lin,	  Mukohyama	  	  	  2012	

De	  Felice,	  	  Gumrukcuoglu,	  	  Mukohyama	  	  	  2012	



Normal	  branch	  and	  Cosmic	  no-‐hair	

M = β '
α '
Nε g(ε) = λ f + ξag( )ε 3 − 3ξagε 2 + −λg + 2ξag − ξ 1− ag( )⎡⎣ ⎤⎦ε + ξ 1− ag( ) = 0

ε = const.≡ ε0

N = 1

α ' = β '

M = ε0 H0
2 = λg + ξag 2 − ε0( ) ε0 −1( )
= λ f ε0

2 + ξ 1− ag( )1− ε0ε0

secondary	  constraint	

gauge	  condi%on	  

fµν = ε0 gµν

Non-‐trivial	  equa%on	

We	  need	  to	  check	  if	  the	  mass	  sa%sfies	  the	  Higuchi	  bound	  in	  this	  branch	meff
2 ≥ 2H0

2

ε = eβ−αTaking	  a	  deriva%ve	  with	  respect	  a	  %me	

Volkov	  2012	
Strauss	  et	  al.	  2012	
Comelli	  et	  al.	  2012	



Effec%ve	  graviton	  mass	  	

σ ''+ 3H0σ '−ξagε0 3− 2ε0( )q = 0 q = λ −σ

λ ''+ 3H0λ '+ ξ 1− ag( ) 1ε0 3− 2ε0( )q = 0

q ''+ 3H0q '+meff
2 q = 0 meff

2 = ξ agε0 + (1− ag )
1
ε0

⎡

⎣
⎢

⎤

⎦
⎥ 3− 2ε0( )

dsg
2 = −N 2 (t)dt 2 + e2α (t ) e−4σ (t )dx2 + e2σ (t ) dy2 + dz2( )⎡⎣ ⎤⎦

ds f
2 = −M 2 (t)dt 2 + e2β (t ) e−4λ (t )dx2 + e2λ (t ) dy2 + dz2( )⎡⎣ ⎤⎦

σ '
ag

+ ε0
2 λ '
1− ag

∝ e−3H0 t

linear	  perturba%ons	

ξ = m2

Me
2

ansatz	

Diagonalizing	  the	  above	  equa%ons,	  we	  get	

meff
2

H0
2We	  need	  to	  know	  the	  ra%o	 to	  examine	  the	  stability	  	  and	  the	  cosmic	  no-‐hair.	



Fate	  of	  anisotropy:	  Cases	  of	  	

g(0) = ξ(1− ag ) > 0, g(1) = −λg < 0, g(∞) = ∞

0 < ε0 <1

λ f = 0

meff
2 > 3H0

2

meff
2

H0
2 =

agε0
2 + (1− ag )⎡⎣ ⎤⎦ 3− 2ε0( )
(1− ag )(1− ε0 )

g(ε) = ξagε
3 − 3ξagε

2 + −λg + 2ξag − ξ 1− ag( )⎡⎣ ⎤⎦ε + ξ 1− ag( ) = 0

1
0

H0
2 = ξ 1− ag( )1− ε0ε0

Sakakihara,	  Soda,	  	  Takahashi	  2012	

d
dε0

meff
2

H0
2 > 0 above	  the	  Higuchi	  bound!	

The	  existence	  of	  de	  Si\er	

The	  solu%on	  does	  exist.	

Now	  we	  examine	  the	  ra%o	

The	  de	  Si\er	  is	  stable	  and	  consistent	  with	  the	  cosmic	  no-‐hair	  conjecture.	



What	  happens	  if	λ f ≠ 0

g(ε) = λ f + ξag( )ε 3 − 3ξagε 2 + −λg + 2ξag − ξ 1− ag( )⎡⎣ ⎤⎦ε + ξ 1− ag( ) = 0
We	  have	  to	  solve	  the	  equa%on	

We	  are	  interested	  in	  the	  situa%on	 λ f + ξag > 0

g(ε)→ −∞ as ε → −∞ g(ε)→ +∞ as ε → +∞
Hence,	

Note	  that	 g(0) = ξ(1− ag ) > 0 g ''(0) = −6ξag < 0

By	  calcula%ng	  the	  discriminant,	  we	  found	  solu%ons	  exist	  in	  the	  range	

λ f < −ξag( ) ≤ λ f ≤ λ+
λ+

ξ
≈

4
27(1− ag )

2

λg

ξ
⎛
⎝⎜

⎞
⎠⎟

3

Interes%ngly,	  there	  exists	  an	  upper	  bound.	

Hence,	  the	  shape	  at	  the	  	  point	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  convex.	  	ε = 0



Higuchi	  bound	  appears!	

Surprisingly,	  we	  obtain	

meff
2 (ε0 ) − 2H0

2 (ε0 )

= −
3ξ
ε0

agε*
2 +
2
3

λg

ξ
− 3ag +1

⎛
⎝⎜

⎞
⎠⎟
ε* −1+ ag

⎡

⎣
⎢

⎤

⎦
⎥

=
3ξag
ε0

ε* − ε0( ) ε0 − ε2( ) ε2 < 0

There	  exists	  solu%ons	  for	  which	  Higuchi	  bound	  is	  sa%sfied	  and	  the	  cosmic	  no-‐hair	  holds.	

meff
2 > 2H 2

The	  mul%ple	  solu%on	  is	  determined	  by	  the	  condi%ons	  	 g(ε*) = g '(ε*) = 0
They	  give	  rise	  to	
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Infla%on	  in	  bimetric	  gravity	



Numerical	  approach?	
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Simple	  cases	  	  	  	
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Evolu%on	  equa%ons	

Ini%al	  condi%ons	
α(0) = 0

φ(0), α '(0) are	  given	  freely.	

β(0)

φ '(0)

scaling	  degree	  is	  used.	



Results	
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Plan	  of	  future	  work	

•  Complete	  background	  analysis	  
•  Calculate	  primordial	  fluctua%ons	  

•  Calculate	  CMB	  spectrum	  

•  Make	  a	  unified	  picture	  from	  infla%on	  to	  dark	  
energy	



Conclusion	

•  Mul%metric	  gravity	  with	  tree	  type	  interac%on	  
seems	  to	  be	  consistent	  

•  The	  Higuchi	  bound	  is	  dynamically	  sa%sfied,	  

	  	  	  	  hence	  no	  viola%on	  of	  the	  cosmic	  no-‐hair	  occur.	  	  

•  Infla%on	  tends	  to	  drive	  two	  metrics	  to	  the	  same	  
one.	  	  


