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Introduction

✤  Fully automated cross section calculations for LHC in SM and BSM 
       ALPGEN, MADGRAPH,COMIX,...                                    ,   n=3...12,...

✤  At LHC tree level  is not enough,  NLO precision is mandatory
  

dσ(0)
n ≈ |M (0)

n |2dΦn−2

✤   Color-dressed formulation of  the D-dimensional generalized unitarity
        and testing its efficiency by calculating              , n=4,.....12  (gluons)        M (1)

n

dσ(1)
n ≈ |M (0)

n |2dΦn−2 + 2Re(M (0)†
n M (1)

n )dΦn−2 + |M (0)
n+1|2dΦn−1

✤  This talk: recent theoretical developments allowing for automatic
                      calculation of                , n=4,...6,...20,... 
           
                         

✤  Recursive calculation of three amplitudes with slight deformation of the 
      momenta of  two external legs (complex, D-dimensional, also for spin)
     
✤  Calculation of loop amplitudes from tree amplitudes 

Federix

this talk subtracted



The  Unitarity Method: efficient P(E)-algorithm at NLO 

 

Gauge theory one-loop   amplitudes   from tree amplitudes many analytic 
results, with applications to collider physics Bern,Dixon, Kosower, 1994-2007,...

  Generalized cuts, box coefficients  Britto, Cachazo, Feng 2004  
  Recursion relations for the rational parts  Beger et.al. 2005

  Parametric integration method of  Ossola, Papadopoulos, Pittau (2006)  
  Numerical algorithmic implementation of generalized unitarity Ellis, Giele, ZK (2007)
  Generalized D-dimensional unitarity Giele, ZK, Melnikov (2008), 
  Numerical algorithmic implementation by Black Hat Collaboration (2008)
  

  Explicit NLO generators for calculating  NLO cross-sections  of 6-leg  process 
  for LHC and Tevatron   Ellis,Melnikov,Zanderighi; BlackHatCollaboration; 
                                               van Hameren et.al.,  Bevilaqua (2009) 

Complementary analytic methods    Badger (2008), Mastrolia (2009)
Independent numerical implementations (Giele, Winter (2008), Lazoploulos (2008), etc)
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for color and flavor ordered primitive amplitude 

=
∑

Ai ×Aj ×Ak ×Al

}

{π2

} π3

π4

gπ2

gπ4
π1 {

gπ3

gπ1



 

Decomposition to  color and flavor ordered 
primitive amplitudes is cumbersone

 Tree level:   BG and BCFW recursion relations for colorless 
                    ordered  amplitudes different color basis 
                   (T-basis, F-basis, mixed basis, color-flow basis)
  
 One loop:    Decomposition to color and flavor ordered primitive
                     amplitudes

  Difficulty:    It becomes cumbersome for increasing number 
                     of flavor.  No color ordering in QED, electroweak.
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All  use color ordered and primitive amplitudes 
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Dressed recursive technique for tree amplitudes 

Monte-Carlo sampling  over   flavor, helicity, color, momentum  quantum numbers of  external 
sources

Recursion relations are defined in terms of currents with n-1 on-shell  external legs and one off-shell leg

Draggiotis, Kleiss, Papadopoulos, Duhr, Maltoni, Comix:Gleisberg, Hoche
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i=1 πi

all possible partions of n particle into k subsets is given by the Stirling number
of second kind S2(n, k) .

 

Generic recursion with generic vertices for  tree amplitudes 

Dgluon(π1, π2) =

Jg Jū

+ + . . .

JuJg π2 π2

π1π1

Vertices:

BG  recursion relations:

Stirling 
number of 2nd kind

Dg [J(f(π1)), . . . , J(f(πk))] =
∑
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Color-flow notation 

Vertices
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BG  recursion relations:

Jg(u, d̄, s, s̄, W ) =

Jū

Ju

s

u

d̄

s̄

W
+

Jd̄
u

W

s

d̄

s̄Jd

+ . . .



The full color configuration of the event is expressed by {(ij)m}n
m=1 where

im and jm each denote a color state out of three possible ones that can be
labeled {1, 2, 3}.

NConserved
col =

n∑

n1,n2,n3=0

δn1+n2+n3,n

(
n!

n1!n2!n3!

)2

WConserved
col = 3n n!

n1!n2!n3!
.  

Color sampling  for  n-gluon scattering 

NNaive
col = 9n

WNaive
col = 1

Naive:

∃ c ∈ {1, 2, 3} :
∑n

m=1 (δim,c − δjm,c) $= 0

Conserved:

Non-zero:



 

Color sampling  for  n-gluon scattering 



Tn =
n−1∑

m=2

(
n− 1

m

)
S2(m, V − 1) = S2(n, V ) ∼ V nScaling:

 Time in secs to evaluate 10000 color-dressed tree amplitude
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Dressed recursive technique for one-loop amplitudes

Monte-Carlo sampling  over     quantum numbers of  external sources  

Πk =
⋃k

i=1 πi

Generalized OPP parametrization



sum over the propagator flavors gΠ1 , . . . , gΠk is required as these are not
uniquely defined for unordered amplitudes
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•   Sum over ordered cuts changes to sum over partitions including
    non-cyclic, non-reflective premutations of the external partons

•   
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      Sum over ordered cuts changes to sum over partitions including
     non-cyclic, non-reflective premutations of the external partons

      Number of the cuts is higher.
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 C++ code for dressed amplitudes

   Implemented algorithm based on previous implementation of ordered amplitudes
      Giele and Winter, arXiv:0902.0094 

   Method is  based on :
      
•   Ellis, Giele, KZ,   arXiv:0708.2398, 4D method, cut constructible part
•   Giele, Melnikov, KZ.  arXiv:0801.2237, arXiv:806.3467, D-Dim. method, full 
amplitude
•   Giele, Zanderighi,   arXiv:0805.2152, application of DD method to pure 
gluons  

   New features:

•    Sum over ordered cuts changes to sum over partitions including 
      non-cyclic, non-reflective     premutations of the external partons

•   Residues are given by color dressed tree amplitudes  and summed over 
internal color and spin

•   Symmetry factor, e.g. 1/2 for bubble



S(0)
MC = Wcol(n1, n2, n3)×

∣∣∣M(0)
(
g1, . . . ,gn

)∣∣∣
2

,



S(0)
MC = Wcol(n1, n2, n3)×

∣∣∣M(0)
(
g1, . . . ,gn

)∣∣∣
2

,





 Numerical results for loop amplitudes (n-gluons)













  We have formulated D-dimensional unitarity to include color dressing

 The computer time scale like           with the number of external particles
      The ordered formulation gives           for  n-gluon amplitudes. This is
      contrary to naive expectations since in the color dressed case we 
      have larger number of cuts and internal color summation.

  Color-dressed formulation of DD unitarity is competitive for calculating
      one-loop virtual corrections for n-gluon scattering.  It is expected  it  
      be even more efficient in processes involving less colorful particles.

  Color-dressed formulation has the same algorithm for particles of 
      different color. The notion of   primitive amplitudes is not needed.

  Color-dressed formulation appears to be better suited to full automation.

               

Concluding Remarks

≈ 9n
≈ 7n


