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Motivation

On the symmetric domain of type IV, Borcherds has constructed
automorphic forms by infinite product in his paper Automorphic
forms on Os422(R) and infinite products in 1995.

In his paper, he set the discrete group Osy22(Z). And he gave an
open problem: Ezxtend the methods of this paper to level greater than
1.

One of the big obstacle on this problem is convergence. To show the
convergence of the infinite product, he did very complicated
calculation about asymptotic behavior of the Fourier coefficients of
modular forms.

So, it is worth trying to simplify the proof of the convergence.
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The symmetric domain of type IV is a domain defined from an
indefinite quadratic space (V,S) of signature (2, s + 2).

Now we treat the case that one can separate two hyperbolic plane
from V. Namely, we fix a basis of V' and denote

where Sy be an even integral positive definite symmetric matrix with
rank s.

The symmetric domain of type IV is a connected component of
‘H = PcHg, where

Hg:={weC™ | "wSw >0, 'wSw=0}.
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Automorphic forms on the symmetric domain of type IV

The orthogonal group G := O(S;R)™ acts on ‘H transitively.
Let T be a finite index subgroup of O(S;Z) N G.

A holomorphic function F' on Hg is an automorphic form of weight k
if F' is a homogeneous function of weight k£ and I'-invariant.

Namely, for a holomorphic function on H, we can define an
automorphic form as a function with corresponded translation
formulas. Usually, we set a coordinate of H by

-
H={ Z=|z]|eC™ | "ImZ)$(ImZ) >0, Im7>0 ,,
w

where 7,w € C and z € C*.
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Fourier-Jacobi expansion

Fourier-Jacobi

My 3 F(r,2z,w) = Zcmez exp(2myv/—1w)

m=0
Each ¢,, is a Jacobi form of index m.

My 5 F = {om} € [] Tkm

m=0

This is not surjective.
At least, the image has a kind of symmetry.

Determine the image of this map !!
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The simplest case : s =1, Sy = (2)
(Siegel modular forms of degree 2)

I':=Sp(2,Z) (orTy(N))

My, : space of Siegel modular forms of weight &
Jkm : space of Jacobi forms of weight k index m

Fourier-Jacobi expansion

My 3 F(r,2z,w) = Zamez ) exp(2mv —1w)

m=0

Mg > F— {pn} € H A

m=0

This is not surjective. We determine the image of this map.
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Main theorem

Theorem. (The image of Fourier-Jacobi expansion)

These two maps are surjective, hence bijective.

[ee]
sym
FJ : M3 F — {on}3_, € (H Jk,m)

m=0

&S sym
FI¢ : M{> F — {pm}e_; € (H Ji,m)
m=1

If {¢.,} is in the image, the series Z Om (7, 2) exp (2mV—1w)

m=0
converges.
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Application
e convergence of Maass lift

o convergence of Borcherds product
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Siegel upper half space of degree 2

We denote Siegel upper half space of degree 2 by

H, ;:{Z:tzz (Z f}) € Mz (C) ) ImZ>O}.
The symplectic group

G = Spy(R) = {M: (é [B)> € My(R)

¢ 5. (Oy —Ey
MJM—J.—<E2 02>}

acts on H transitively by

Hy > Z — M(Z) := (AZ + B)(CZ + D)~! € H,.
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Siegel modular form of degree 2

For a holomorphic function F': Hy — C and k € Z, define
(F|xM)(Z) :=det(CZ + D) " F(M(Z)).

In today’s talk, we set I' := Spy(Z) := Spy(R) N My(Z).

Definition. (Siegel modular form of degree 2)

We say F' is a Siegel modular form of weight & if a holomorphic
function F' on Hy satisfies the condition F' = F| M for any M €T
We denote the space of all Siegel modular forms of weight k by M.

For simplicity, we denote F(Z) = F(r, z,w).
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Koecher principle

Let F' € M. F' has a Fourier expansion

F(Z)="> a(n,1,m)q"¢'p™,

n,l,m

where ¢" := e(n7) 1= exp (2mv/—1n7), ¢ := e(lz) and p™ := e(mw).

Proposition. (Koecher principle)

a(n,l,m) =0 if 4mn — 1> <0 or m < 0.

Definition. (Siegel cusp form)

we say F' € M, is a cusp form of weight k if F' satisfies the condition
a(n,l,m) = 0 unless 4mn — [2 > 0. We denote the space of all cusp
forms of weight & by M.
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Jacobi group

1000
The element T := (8 59 6) induces F(7, z,w) — F(7,z,w +1).
0001

Define G7 := {MeqG| M~'TM = T}. (G =5py(R))

If F: Hy — C has a period 1 with respect to w, then F|;M also has a
period 1 for any M € G”.

Let m € Z and ¢(7, z) be a holomorphic function on H x C. The
image of ¢(7, 2)p™ by M € G is a product of a holomorphic function
on H x C and p™. (p™ =exp (27’1’\/—177%()) )

Proposition. (Action of Jacobi group)

For each m € Z, the group G” acts on the set of all holomorphic
functions on H x C.
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Jacobi group invariant function

Define I'V := G/ NT. (T'=Spy(Z))

Let m € Z and (7, z) be a holomorphic function on H x C. We
assume that ¢(7, 2)p™ is ['-invariant.

Namely, (7, z) satisfies the following two equations:

o(1,2) :(CT-Fd)_ke(_mCZQ)SO((IT—Fb z )

cr +d cr+d et +d
o(T,2) =e (m (.’L‘QT + 2962)) o(r,z4+z7+y)
(e(z) =exp (2mv—1z) )

for any (2%) € SLy(Z) and for any z,y € Z.
(c.f. the book by Eichler and Zagier)
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Jacobi forms

No negative index Jacobi forms

According to the book of Eichler and Zagier, we have the following
propositions.

Proposition. (Jacobi form with negative index is zero)

If m < 0, above ¢ should be the zero function.

Proposition. (Jacobi form with zero index is constant)

If m = 0, above ¢ does not depend on z. Namely, it is a
SLo(Z)-invariant holomorphic function on H.

Hence we may assume m > 0.
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Fourier expansion of Jacobi forms

Above ¢ has a Fourier expansion

o(r,2) = Zc(n,l) qgct. (¢" :=e(n1), ¢h= e(lz))

n,l

If m =0, ¢(n,l) =0 for I # 0.
If m > 0, ¢(n,l) depends only on 4mn — [ and [ (mod 2m).

Especially, if m = 1, ¢(n,1) depends only on 4mn — [? and sometimes
we denote c(4mn — [?) = c¢(n, ).
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Definition. (w.h. Jacobi form)
We say above ¢ is a w.h. Jacobi form of weight k£ and index m if
c(n,l) = 0 except when n > —"N .

We denote the space of all w.h. Jacobi form of weight k£ and index m

by Jf;n
Jacobi form n>0and dmn — 12 >0 Jkm
Jacobi cusp form n >0 and 4mn — 12 > 0 Eom
weak Jacobi form n>0 k.m
w.h. Jacobi form n>—3N J}’f};n

(w.h. --- weakly holomorphic)
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Jacobi forms

Property of Jacobi forms (1)

For v € J‘,’c";’n, a positive valued function

—27m(Im 2)?

() = (o ) (ot

is I'/-invariant, namely Gy |o oM = G, for any M € I'7.

Imr

Proposition. (Upper bound of a Jacobi cusp form)

If € I s G has a maximum value.

Proposition. (Upper bound of Fourier coefficients)

For ¢ € ], ,,, there exists a constant K, such that

k,m>

E
2

le(n, )] < K, (4mn — 12)

p(r,2) = cn0) q*¢'s (¢":=e(nT), ¢" = e(l2))
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Jacobi forms

Property of Jacobi forms (2)

If m =0, ¢ is a SLy(Z)-invariant holomorphic function on H. Hence
IV o = ko = Ay and J§ ; = {0}, where Ay, is a space of all elliptic
modular forms of weight k w.r.t. SLy(Z).

Ji= @ J¥ m 1s a graded ring of A, := @ Ap.

k,mez k,mezZ

Proposition. (Structure theorem of weak Jacobi forms)

JY . is generated by ¢o,1, ¢—2,1 and ¢_1 2 on A,.

(We remark that J. . is not finitely generated on A.).
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The Fourier Jacobi expansion is a p-expansion of F' € My, or Mj:

F(Z) = Z om(T, 2)p™.
m=0
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For F' € M, we have o = 0 and ¢, € I},
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Our main theorem

Fourier-Jacobi expansion

The Fourier Jacobi expansion is a p-expansion of F' € My, or Mj:

F(Z) = Z om(T, 2)p™.
m=0

For F' € My, we have ¢, € Ji .
For F' € My, we have po = 0 and ¢y, € Jj

Definition. (Fourier-Jacobi expansion)

The Fourier Jacobi expansion is a map from M, or Mj to the infinite
direct product space of Jacobi forms:

FJ : My > F e {omtr_o € [ Jem

m=0

FI° : M 3 F o {omlo1 € [ Tim

m=1

But these two maps are not surjective !!
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) induces F(7,z,w) — (=1)FF(w, z, 7).

[elel e}
[eleleltn
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Our main theorem

The symmetry

0100
The element S := <(1J 99 ‘1)) induces F(7,z,w) — (=1)FF(w, z, 7).

S € T gives the information about the image of the Fourier-Jacobi
expansion. Namely, on the Fourier expansion

M > F(Z) = Z a(n7lam) anlpma

n,l,m

we have a(n,l,m) = (=1)ka(m,1,n).

Proposition. (Generators of the symplectic group)

The group G' = Spy(R) is generated by G and S.
The group I' = Spy(Z) is generated by I'” and S.




Our m n

The image of the Fourier-Jacobi expansion

Let

(TT 3e)™" = {{eom} e ﬁ Tion | min.) = (—1)kcn(m7l)}
m=0 _

(ﬁ m) {{@m}e H B | em(n,1) = (1) en(m, w}
m=1

where we denote ¢, (7, 2) Zcm n,l) q (l



The image of the Fourier-Jacobi expansion

Let

(ﬁ u]]k,m)sym = {{@’H’L} S ﬁ Jk,m ‘ Cm(n7l) = (_1)kcn(m7l)}
m=0 =

(ﬁ Ji,m)sy {{@m} € H Ji.m
m=1

where we denote ¢, (7, 2) Zcm n,l) q (l

n,l

cm(n,l) = (= )kcn(m l)}
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First, we suppose {¢m }ovq € (H Jz’m) :

m=1

Take z,y € Q with same denominator D. Then
fn(7) = e(ma® ) (7, 27 + y)

is an elliptic cusp form of weight k with respect to the main congruent
subgroup of level D2. The Fourier expansion of f,, is

o) =Y an@) ¢ (an)= Y enln)).

v>0 2n,,l€Z
max+tlztn=v
We remark that the number of the pair (n,l) satisfying
ma? + 1z +n = v is less than 4/mv + 1. These (n,[) satisfies the
condition 4mn — 2 < dmv.
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Because the space of the above elliptic cusp forms is finite
dimensional, there exist L and C such that

ol

(M < C | Y lam@)] | (lmr)”

v<L
Hence we have

Gulrar+1) < CLI (O lemn D) ¢

v<L n,lEL
ma2tlztn=v

where G, means G, .
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Here we denote the Fourier coefficient ¢ ( 172 lr/n2 ) = cm(n,1).

For any A € SLy(Z), (toé AO_21 ) € T induces ¢(T) = ¢(* AT A).

For z = §, take A = (1 ) € SLy(Z). Then we have

n 12\ n 1/2 _ * *
C(l/? m ) - c<tA (l/Q m ) A) - C( * nﬂ2+laﬁ+ma2) !

Because n3? + laf + ma? = (ma? + lx +n)3? < (ma? + lov + n)D?,
we regard that m in |¢,,(n,1)| at Step 1 is sufficiently small.
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Namely, from

G (r,z7+y) <C Z( Z |cm(n,l)|) ;

v<L  nlez
- mm2+lm+n:u

there exists a constant K such that

G(rar+y) < CKL ST (03 (4mn—12)%) b,

v<L  nleL
- nlz2+1x+n:u

namely, there exists a constant C’ (depends on D) such that

G (7,27 +y) < C'm"
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Proposition. (Structure theorem of weak Jacobi forms)

J:‘f* is generated by o1, p—2.1 and p_1 2 on A,.

For any R > 1 and (79, 29) € H x C, there exist its neighbourhood U
and z,y € Q such that G,,(7,2) < R™C'm"%" for any (r,2)eU.
Namely,

k41 2
o7 2)] < RS exp (L ()

Hence we know the series Z ©m (7, 2)p™ is holomorphic on H.

m=1

a sym
Under the assumption {@m, }oo_q € <H J‘,ﬁ,_’m> .

m=1
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Let Ajg € MY, be a unique Siegel cusp form of weight 10. We remark
that Alo(’r, 0, (U) =0.

Proposition. (Freitag)

If F e My (k € 2Z) satisfies F'(7,0,w) = 0, then F/A19 € My_10.

o0
sym
Now suppose k € 2Z, {¢©m o € (H Jk,m) and regard
m=0
F =3 ¢@m(T,2z)p™ as a power series of p.

Then each coefficients of p™ on F'A;g is a Jacobi cusp form, hence by
Step 3, F'A1g is holomorphic.

Therefore, by above proposition, F' is holomorphic.

For odd k, we have a similar proof. (use Ags )
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Convergence of Maass lift

Theorem. (Maass Lift)
For any ¢ € Jj , there exists F' € M such that FJ{(F) = ¢.

The Hecke operator T (m) induces a map from Jj ; to J§ ..

(PlT-(m Y Y (‘”“’ )

ad=m b=0
The series
o0 1 o
F(Z):=Y" — (@I (m)) (1, 2)p
m=1
S mn 1
:ZZZ Z ak—lc (2’> qnclpm
a?’a
m=1n=1 | al(n,l,m)

converges by our main theorem.
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Lift of a weakly holomorphic Jacobi form

Now let ¢(7,2) = Zc(4mn -1 q*¢t e Iph

n,l

Calculate the Maass lift of ¢, although it does not converge:
- dmn — [?
LN X et () |
a
o0 oo
> 5 (z oamn =14
= Z Z Zc dmn — log( q"(lpm)) .
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Borcherds product

Hence, formally,

H H H c(4mn 12)

m=1n=—N

is a I'/-invariant function of weight 0. By slight modification,
Borcherds constructs a I'-invariant function of weight ¢(0)/2:

2
paquc H (1 _ qnclpm) (4 l )’

(m,n,l)>0

1 2 2y 1 oy 1 2
where a = 521 e(=1 ),b——§Zlc(—l ),C—ﬂZc(—l ) and
>0 >0 lEZ

(m,n,l) >0 meansm >0orm=0,n>00orm=n=0,l>0.
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Application

Convergence

This infinite product (Borcherds product) is a I'-invariant function
and has a symmetry.

However, generally, this infinite product (Borcherds product) does not
converge. Borcherds has investigated its analytic continuation. He has
determined all zero and poles of this product and shown it to be a
meromorphic modular form on Hs.

By our main theorem, if we show each coefficient of the p-expansion of
this infinite product, it should be a holomorphic function. Our main
theorem holds even when I' has a level. This gives a partial answer of
Borcherds open problem: Fxtend the methods of this paper to level
greater than 1.
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Automorphic forms on O(2,5+2)

Generalize our main theorem to automorphic forms on the symmetric
domain of type IV:

H:=G/K (K=0(2)x0(s+2): max. cpt. ) ~ T

Obstacles

@ Step 2 : Can we make m so small ?
(Is the Fourier group sufficiently large?)
@ Step 3 : Is the space of Jacobi forms always finitely generated?

@ Step 4 : Does the good cusp forms like Ajg always exist?



Thank you

Thank you for your kind attention.
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