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Neutrino Parameters
Global fit for 3 flavors by Jose
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1 Tri-bimaximal mixing and Flavor symmetry

Recent experiments of the neutrino oscillations go into a new phase

of precise determination of mixing angles and mass squared differences.



Three Flavor analysis strongly suggests

Tri-bimaximal Mixing of Neutrinos
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Harrison, Perkins, Scott (2002)

indicates Non-Abelian Flavor Symmetry ?



Mixing angles are independent of mass eigenvalues.

Those seem different from quark mixing angles

Consider the structure of Neutrino Mass Matrix,
which gives Tri-bi maximal mixing
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Let us consider Flavor Symmetry.
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Non-Abelian Discrete Symmetry is appropriate
for Neutrino Flavor Physics if TBM is not accidental.



Need some ideas to realize Tri-bi maximal mixing by 
S3 flavor symmetry

×
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Tetrahedral Symmetry
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A4 Symmetry may be hidden.

Four irreducible representations 
A4 is minimal symmetry including triplet   12 elements

1   1’   1”   3

E. Ma and G. Rajasekaran, PRD64(2001)113012
K.S.Babu,  E.Ma, J.W.F.Valle, PLB 552(2003)207



○

T’ ,  S4  ,  Δ(27) ,  Δ(54) also give (near) Tri-bi maximal mixing !

Suppose A4 triplet (νe ,νμ,ντ)L

A4 should be broken !

3L×3L×1H3L×3L×3H



●CKM mixing in Quarks ?  Cabibbo angle?

We need  Quark-lepton unification in a GUT.

●Ue3=0 in Tri-bimaximal mixing!

There are hints  Non-zero Ue3 in experiments.

How can one predict Ue3 ?

Non-Abelian Discrete Flavor Symmetry               
is related with other Physical Phenomena.

●SUSY Flavor Sector, SUSY FCNC ,  EDM    



Let us understand how to get the tri-bimaximal 
mixing in the example of A4 flavor model.
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2  Neutrino Flavor Models 
with Non-Abelian Discrete Symmetry

A4 Flavor model



1’ × 1”   → 1 

3L × 3L × 1flavon →  1

3L × 3flavon →  1

3L × 3flavon →  1”

3L × 3flavon →  1’

3L × 3L × 3flavon →  1
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Can one get Desired Vacuum 
in Spontaneous Symmetry Breaking ?

These mass matrices do not yet predict tri-bimaximal mixing !

We need



----------- -------------
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3L × 3L × 1flavon3L × 3L × 3flavon
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3R× 3R× 1flavon3R × 3R × 3flavon

See-Saw Realization

Dirac 

Dirac Mass Matrix is diagonal one.

Tri-bimaximal mixing comes from Majorana Mass matrix !

Introduce A4 triplet νc



S4 Flavor Model can also give 
Tri-bimaximal mixing



Δ（54） Flavor Symmetry two 1 four 2 two 3
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which is a series of Δ（6n2）

Δ（6） is S3          Δ（24） is isomorphic to S4

Simple and non-trivial example is Δ（54）

Δ（27） Flavor Symmetry  nine 1 and two 3

which is a series of Δ（3n2）

Δ（3） is Z3 Δ（12） is isomorphic to A4

Other Successful Models



neutrinos

3×3 3×3×2flavon 3×3×3flavon







S4×Z4×U(1)FN with SUSY SU(5) GUT

H. Ishimori, K. Saga, Y. Shimizu, M. Tanimoto,  arXiv:1004.5004
PRD 2010

Can Non-abelian discrete symmetry
predict quark mixing angles as well as
Tri-bimaximal mixing of neutrinos ?

Yes, it is possible in S4 !



Up

quarks

MR Dirac 

Neutrinos

Charged leptons

Down quarks

We take l=m=1,  n=2.

Use S4 doublet for left-handed quarks !



S4 invariant superpotential for leptons
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3L×2R×3flavon

3L×1R×3flavon

2R×2R×2flavon

3L×1R×3flavon

2R×2R
1R×1R

3L×2R×3flavon



We take VEV’s

We get Lepton Mass Matrices

Due to 
m-n<0○

○
○

○
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No mixing in the left-hand !
Θ12=60°in the right-hand !

Vacuum alignment



After seesaw, we get the tri-bimaximal mixing
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Higher dimensional mass operators, which predict 
Deviation from the Tri-bimaximal mixing

Superpotential of next-to-leading order
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Flavor Symmetry predicts θ13



we have non-zero Ue3 of order αi=<χi>/Λ



Determination of magnitudes

Putting observed masses and M=1012 GeV, we get

FN charges l=m=1,  n=2Desired Vacuum Alignments

tanβ=3



We can predict mixing angles.
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S4×Z4 with SUSY SU(5) GUT⇒Tri-bimaximal, Cabibbo angle

The model predicts quark mixing angles   

2 and 1 for SU(5) 10 , 3 for SU(5)  5
_

Down quark sector is fixed 
through the charged lepton sector.

Top quark mass is given without coupling of flavons.



Down Quarks

Left-handed mixing is given as
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Including next-to-leading order, 
we get down quark mass matrix
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Up Quark Sector

We add the next-to-leading mass matrix
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Direct Yukawa 
coupling



We take alignment                  , we get

After rotating it by the orthogonal matrix,

We obtain

Up Quarks



We obtain CKM matrix elements

In the leading order, we predict
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Including next-to-leading order corrections, we get

The parameter set

reproduces observed values very well.

Values of parameters are consistent with our mass matrices.

37CP violation can be discussed !



As seen in these examples,
in order to reproduce the tri-bi maximal mixing, we need 

Non-Abelian Discrete Symmetry
( A4, S4, Δ(27), Δ(54)… )

and 

Symmetry Breaking
(Vacuum Alignment of flavons).
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Spontaneous Symmetry Breaking ? ( Scalar potential )
0r Explicit Breaking 

through Boundary condition in extra-dim.



Realization of Vacuum Alignment for S4 model
Introduce driving fields with R charge 2
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3   Breaking of Flavor Symmetry

(1) Spontaneous Symmetry Breaking of Flavons



We obtain Desired Vacuum Alignment

Scalar potential
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3   Breaking of Flavor Symmetry

(2) Symmetry Breaking at boundary conditions

H. Ishimori, Y. Shimizu, M. Tanimoto and A.Watanabe, 
Neutrino masses and mixing from S4 flavor twisting,‘

arXiv:1010.3805 [hep-ph]. 

Flavor Twisting
N. Haba, A.Watanabe, K.Yoshioka, Phys. Rev. Lett.97, 041601 (2006)

Scherk and Schwarz,’79

Compactification of 5th-Dim ( S1/Z2 )

without flavons !



Compactification

Scherk-Schwarz compactification

translation:

identification of points:

[Scherk and Schwarz,’79]

a represetation matrix of
symmetry group



Orbifolding

Boundary conditions are

reflection:



Symmetry Breaking

?

Symmetry breaking

a slide by K. Yoshioka

X is a representaion matrix of symmetry group.



Neutrino flavor twisting

 5-dim model (for simplicity)

 5-dim Dirac fermion (gauge singlet)

 Other fields are confined on 4-dim

[K.Dienes, E.Dudas, T.Gherghetta,’99]4-d wall



S4 Flavor symmetry

24 elements



Consistency conditions

is a parity

Furthermore,

must satisfyand



Possible boundary conditions

e.g.

from 



Taking

S4 symmetry twisting

now we can write down the mode expansion.

Z=f1   ,     Z’=d1



Set Up  
SM fields are at y=πR .

Bulk fermions

We take Symmetry invariant mass parameters
S4 triplet for Bulk fermion and Li



4-Dim  Effective Lagrangian



KK expansion satisfies the boundary conditioin

S4 is broken !Taking Z=f1 ,   Z’=d1



We can obtain desired neutrino mass matrix 
by explicit S4 breaking without flavon.



If mc = 0 (inverted),  the tri-bimaximal mixing is realized.
If mc >>m (normal),  large θ13 is predicted.



normal mass hierarchy



How to get
the diagonal charged-lepton mass matrix

we obtain small mixing for left-handed direction.

;



Flavor symmetry constrains not only quark/lepton mass matrices,
but also mass matrices of their superpartner, i.e. squark/slepton.

Specific patterns of squark/slepton mass matrices could be tested 
in future experiments.

Let us discuss lepton FCNC in our S4 model with flavon.

4.  Related Phenomena of Flavor Symmetry

Consider Soft SUSY Breaking Term in Supergravity.



Second order

Slepton mass matrices are derived 

583 2 + 1



For the  left-handed sector, higher dimensional terms are given as  

Left-handed Slepton mass matriｘ is
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Right-handed Slepton mass matrix is
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Move to Super-CKM basis (Diagonal Basis of Charged Lepton)

in order to estimate magnitudes of FCNC.

Mass Insertion Parameters

F. Gabbiani, E. Gabrielli, A. Masiero and L. Silvestrini, Nucl. Phys. B477(1996) 321

Experimental Constraint from μ→eγ

Numerical analyses are required.

where

○
Dominant term



A terms are obtained as 

Experimental Constraint

We need numerical analyses of μ→eγ .

Dangerous !



μ→eγ Decay

○

○

○ ○



EDM of Electron
J.Hisano, M. Nagai, P. Paradisi, Phys.Rev.D80:095014,2009. 

Taking Dominant Terms, we get









5 Summary 

☆ Non-Abelian Flavor Symmetry can give realistic lepton  
mixing matrices, but we need Symmetry Breaking

Tri-bimaximal mixing A4, S4 .........

☆ Symmetry Breaking requires new physics;
Vacuum alignments of flavons, Extra Dim. ….

☆ Non-Abelian Flavor Symmetry may also predict
quark mixing angles.

☆ Non-Abelian Flavor Symmetry can be tested
by related phenomena;      FCNC, EDM ….
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Problem in Flavor Symmetry

Can we predict Neutrino Masses?

Normal mass hierarchy

Inverted mass hierarchy

T2K and  NOνＡ !
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Symmetry cannot predict mass spectrum. 

Symmetry breaking gives mass spectrum.

More study of Symmetry Breaking !



S4 invariant superpotential
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Our Multiplication Rule of S4
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“ Non-Abelian Discrete Symmetries in Particle Physics ”

Hajime Ishimori, Tatsuo Kobayashi, Hiroshi Ohki, 
Hiroshi Okada, Yusuke Shimizu, Morimitsu Tanimoto, 

e-Print: arXiv:1003.3552 [hep-th]

Prog.Theor.Phys.Suppl.183:1-163,2010

We review pedagogically non-Abelian discrete groups and 

show some applications for physical aspects.

If you are interested in Non-Abelian Discrete Symmetries, 
See the review article
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There are many models with Non-Abelian Discrete Symmetries.

http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Ishimori%2C%20Hajime%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Kobayashi%2C%20Tatsuo%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Ohki%2C%20Hiroshi%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Okada%2C%20Hiroshi%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Shimizu%2C%20Yusuke%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Tanimoto%2C%20Morimitsu%22


Stringy origin of non-Abelian discrete flavor symmetries
T. Kobayashi, H. Niles, F. Ploeger, S. Raby, M. Ratz,  NPB768,135(2007) hep-ph/0611020

Non-Abelian Discrete Flavor Symmetry from T2/ZN Orbifolds
A.Adulpravitchai, A. Blum, M. Lindner, JHEP0907, 053 (2009), 0906.0468

Non-Abelian Discrete Flavor Symmetries from Magnetized/Intersecting 

Brane Models
H. Abe, K-S. Choi, T. Kobayashi,  H. Ohki, NPB820, 317 (2009) , 0904.2631

Origin of the non-Abelian Flavor symmetry ?

Tri-bimaximal neutrino mixing from orbifolding,
G.Altarelli, F.Feruglio, Y.Lin, NPB775, 31 (2007)  hep-ph/0610165

Non-Abelian Discrete Groups from the Breaking of Continuous                                       

Flavor Symmetries
A.Adulpravitchai, A. Blum, M. Lindner, JHEP0909, 018 (2009), 0907.2332

Non-Abelian Discrete Flavor Symmetries on Orbifolds

H.Abe, K.S.Choi, T.Kobayashi, H.Ohki ,M.~Sakai, arXiv:1009.5284 [hep-th]. 


